We study the relationship between the null geodesics and thermodynamic phase transition for the charged AdS black hole. In the reduced parameter space, we find that there exist non-monotonic behaviors of the photon sphere radius and the minimum impact parameter for the pressure below its critical value. The study also shows that the changes of the photon sphere radius and the minimum impact parameter can serve as order parameters for the small-large black hole phase transition. In particular, these changes have an universal exponent of 1 2 near the critical point for any dimension d of spacetime. These results imply that there may exist universal critical behavior of gravity near the thermodynamic critical point of the black hole system.
the impact parameter during the phase transition can serve as the order parameters to describe the black hole phase transition. The critical exponent of these changes near the critical point are also obtained. This result is generalized to higher-dimensional black hole case in Sec. IV. Finally, the conclusions and discussions are presented in Sec. V.
II. NULL GEODESICS OF CHARGED ADS BLACK HOLE
The solution for a charged static and spherically symmetric black hole in d(≥ 4)-dimensional spacetime is
where dΩ .
Here the pressure P is related to the cosmological constant P = −Λ/8π, and the parameters m and q, respectively, correspond to the black hole mass M and charge Q as
where ω d−2 = 
It is known that this d-dimensional charged AdS black hole exhibits a vdW like phase transition, with the critical point given by [13] T c = 4(d − 3)
where the critical specific volume is given by
It is clear that this critical point closely depends on the black hole charge. Moreover, we would like to show the thermodynamic quantities in the reduced parameter space, where a reduced quantity is defined asÃ = A Ac . Then the reduced temperature or state equation will of the form
Interestingly, there is no charge parameter in the reduced temperature. Now, we would like to consider a free photon orbiting around a black hole on the equatorial hyperplane defined by
The dot over a symbol denotes the ordinary differentiation with respect to an affine parameter. From this Lagrangian, the generalized momentum can be calculated with p µ = ∂L ∂ẋ µ = g µνẋ ν , which gives
where E and L denote the energy and orbital angular momentum of the photon, respectively. Solving Eqs. (11) and (12), we easily get the t motion and φ motionṫ
The Hamiltonian for this system is
With the help of the t motion and φ motion, we can obtain the radial r motion, which can be expressed aṡ
The effective potential is
As an example, we plot the effective potential in Fig. 1 for the four-dimensional charged AdS black hole with fixed parameters S=5, Q=1, and P =0.003. The orbital angular momentum L of the photon varies from 0.8 to 4.4. Sincė r 2 >0, we require V ef f < 0. So the photon can only appear in the range of negative V ef f . For small L, the photon can fall into the black hole from a place with large r. However, for large L, the peak of the potential will above zero, then the photon will be reflected before it falls into the black hole. Between the two cases, there exists a critical case described by the red thick line. Its peak just approaches zero at about r=2.28. At that point, the photon has zero radial velocity. So the photon will round the black hole at that radial distance. For a spherically symmetric static black hole, it corresponds to the photon sphere. In this paper, we mainly discuss the relation between this photon sphere and the thermodynamic phase transition of the black hole. The circular unstable photon sphere is determined by
Solving the second equation, one can find that the radius r ps satisfies 2f (r ps ) − r ps ∂ r f (r ps ) = 0.
For a given metric function f (r), we can obtain r ps . Then solving the first equation, the minimum impact parameter or the critical angular momentum of the photon is
Consider a photon starting from a place far away from the black hole and then passing by it, one will find that u ps has a close relation with the deflection angle of the photon. This is just the phenomenon of the black hole lensing. For a photon of large impact parameter u, its deflection angle is small. However when u gradually tends to u ps , the deflection angle will get larger and larger, and will be unbounded when u ps is arrived. So the minimum impact parameter u ps plays an important role in the black hole lensing [46] . Therefore, for a photon sphere, r ps and u ps are two key quantities. In the following sections, we will investigate the detailed behaviors of r ps and u ps near the small-large black hole phase transition, and discuss whether these quantities carry the phase transition information.
III. d=4-DIMENSIONAL CHARGED ADS BLACK HOLE
For the four-dimensional charged AdS black hole, the temperature in the reduced parameter space is
This state equation describes a vdW like phase transition. The coexistence curve of small and large black holes starts at P =0, and ends at a second-order critical point given in Eq. (7). For the four-dimensional case, the critical point is [8] T
Fortunately, there exists an analytical form of the coexistence curve [47, 48] , which in the reduced parameter space readsT
Let us turn to the null geodesic. For the four-dimensional case, we have the metric function
Solving Eq. (20), we obtain the radius of the photon sphere
It is clear that this result is exactly equal to that of the asymptotically flat charged black hole, which may mean that the pressure P does not affect the photon sphere. However, we need to note that the mass M of the black hole depends on the pressure,
Plunging it into Eq. (26), we will have the radius of the photon sphere
It is clear that, for fixed charge Q and entropy S, the radius r ps closely depends on the pressure P . At the critical point of the phase transition given in (23), we have the critical radius
Then in the reduced parameter space, we get r ps ≡ r ps r psc = 3 + 3S(6 +PS) + 3 3P 2S4 + 36PS 3 + 6(18 +P )S 2 − 28S + 3
Combining with (22), we can plot the reduced temperatureT as a function of the photon sphere radiusr ps for fixed pressureP , which is shown in Fig. 2(a) . From it, we can see that for the caseP <1, there will be a non-monotonic behavior. One local maximum and one minimum are presented. While for the caseP >1, the non-monotonic behavior disappears, and the reduced temperatureT is only a monotone increasing function ofr ps . ForP = 1, a deflection point can be found atr ps = 1. Such behavior of the reduced temperature is very similar to the isobar of the vdW fluid in theT -S chart, which indicates that a first-order phase transition exists. By constructing the equal area law at the isobar, we can determine the phase transition point for the vdW fluid or for the black hole. For our case, one may apply the same technique in thisT -r ps chart. A detailed analysis implies that the coexistence curve calculated by it approximately meets Eq. (22) . However, strictly speaking, one must obtain the coexistence curve from the free energy or by constructing appropriate equal area law. On the other hand, plunging r ps into (21), one can obtain the minimum impact parameter u ps . However, it is in a complicated form and we will not show it. Nevertheless, we have the critical minimum impact parameter
We also show the behavior ofT as a function ofũ ps in Fig. 2(b) . Interestingly, it also confirms a non-monotonic behavior forP < 1. And that behavior disappears forP ≥ 1. Although such non-monotonic behavior in theT -r ps chart andT -ũ ps chart cannot be used to determined the thermodynamic small-large black hole phase transition by constructing the equal area laws, it does demonstrate that such non-monotonic behavior indicates the existence of the phase transition. In order to examine the changes of the photon sphere radius and the minimum impact parameter before and after the small-large black hole phase transition, we plot the reduced temperature as a function of the photon sphere radius with fixedP =0.9 in Fig. 3 for example. The horizontal line BD corresponds to the black hole phase transition with temperatureT =0.9608, which is determined by Eq. (22) . With the increase ofr ps , the black hole phase transition occurs at the horizontal line BD. The photon sphere radius before and after the phase transition isr ps1 = 0.7385 and r ps2 = 1.4669. So, the photon sphere radius has a sudden change ∆r ps =0.7284 among the black hole phase transition. Increasing the temperature or pressure such that the critical point is approached, one will findr ps1 =r ps2 = 1, which leads to ∆r ps =0. Thus if one observes a sudden change, then the black hole system must experience a first-order phase transition. The minimum impact parameter also possesses such behavior. We present the change of ∆r ps and ∆ũ ps in Fig. 4 . From it, we can see that both ∆r ps and ∆ũ ps decrease with the phase transition temperatureT , and approach to zero atT =1, where the first-order phase transition becomes a second-order one. Moreover, such pattern reminds us that ∆r ps and ∆ũ ps can serve as the order parameters for the black hole phase transition. It is also interesting to see whether they have the critical exponent near the critical point. For this purpose, we expend them nearT =1, which gives
This result exactly confirms that both ∆r ps and ∆ũ ps have the same critical exponent at the critical point. More importantly, the critical exponents of them are equal to 1 2 , which is the same as that of these order parameters from the thermodynamic side, such as the specific volume or number density [49] . Thus this novel property strongly implies that there does exist a relationship between the photon orbits and thermodynamic phase transition of the black hole.
IV. d ≥ 5-DIMENSIONAL CHARGED ADS BLACK HOLE
For the higher-dimensional charged AdS black hole, there also exists the small-large black hole phase transition. Similar to the four-dimensional case, we can obtain the photon sphere radius r ps and the minimum impact parameter (20) and (21) . Since they have lengthy expressions, we will not show them. The critical values of r ps and u ps are listed in Table I . Both of them are proportional to Q 1/(d−3) . And these coefficients decrease with the dimension d of spacetime. In Fig. 5 , we plot the behavior of the reduced temperatureT as a function ofr ps orũ ps with fixedP =0.8 for d=5-10, respectively. These curves obviously show the non-monotonic behavior, which indicates a first-order phase transition. In fact, the small-large black hole phase transition does exist for this caseP =0.8. However, different from the d=4 case, there are no analytic forms of the coexistence curves for d ≥ 5. Fortunately, we have obtained the fitting formula of the coexistence curves by fitting the numerical data in Ref. [19] , which is in the form
It is worth to mention here that our fitting formula of the coexistence curve agrees with the numerical values to 10 −7 . By making use of this fitting formula, we can get the sudden changes of ther ps andũ ps . For clear, we show them in Fig. 6 as a function of the phase transition temperature. Similar to the four-dimensional case, ∆r ps and ∆ũ ps decrease with the phase transition temperatureT , and approach to zero atT =1. So even in the higher-dimensional black hole case, ∆r ps and ∆ũ ps can serve as order parameters to describe the black hole phase transition. Moreover, we can also find that, for fixed temperature, both ∆r ps and ∆ũ ps decrease with the dimension of spacetime. Also, we are expected to investigate the critical behavior of ∆r ps and ∆ũ ps near the critical temperatureT =1. Here we fit the numerical coefficients of ∆r ps and ∆ũ ps to the following form The fitting results are given in Table II , from which we can see that the values of the parameter a for both ∆r ps and ∆ũ ps decrease with d. More importantly, we obtain the result that the values of the exponent parameter b are all around 1 2 with error smaller than 1.5%. So the exponent δ is an universal parameter, which is consistent with the analytic value of the d=4 case. This result further confirms that there exists a relationship between the photon orbits and thermodynamic phase transition of the charged AdS black holes.
V. CONCLUSIONS AND DISCUSSIONS
In this paper, we studied the relationship between the photon orbits and thermodynamic phase transition of the charged AdS black hole. The photon sphere radius r ps and minimum impact parameter u ps of the photon orbits were examined in detail.
By solving the null geodesics, the expressions of r ps and u ps were obtained. In the reduced parameter space, both r ps andũ ps are charge independent. The small-large black hole phase transition also shares this interesting property. For some certain pressures below the critical case, we found that there appear the non-monotonic behaviors both iñ T -r ps andT -ũ ps charts. When the pressure is larger than its critical value, these non-monotonic behaviors disappear. So this suggests that there exists an obvious relationship between the thermodynamic phase transition and the nonmonotonic behaviors ofr ps andũ ps . This non-monotonic behavior also implies that there are sudden changes ofr ps andũ ps when the first-order black hole phase transition takes place. For any value of d, we found that the changes ∆r ps and ∆ũ ps decrease with the phase transition temperature, and vanish at the critical temperature. So they can serve as order parameters for the thermodynamic phase transition of the black hole.
Moreover, we also investigated the critical behavior of ∆r ps and ∆ũ ps near the critical temperature. For d=4, we obtained the analytic critical exponent δ = 1 2 for ∆r ps and ∆ũ ps , which is the same as that of other order parameters from the thermodynamic side. On the other hand, for the higher-dimensional black hole, there is no the analytic value. However, with the fitting method, we found the values of the critical exponent δ for d=5-10 are approximately equal to 1 2 . So for any d-dimensional charged AdS black hole, ∆r ps and ∆ũ ps have a universal critical exponent. This further confirms the existence of the relationship between the photon orbits and thermodynamic phase transition of the black hole system.
Before ending this paper, we emphasize that thermodynamic phase transition is encoded in and can be revealed by the sudden change of the photon sphere radius and minimum impact parameter of the black hole. And we conjecture that this is a universal property for the black hole system. Next, it is worthwhile to generalize our study to other black hole systems. Moreover, since r ps and u ps are closely related to the gravity effects of the black hole, finding the relationship between the thermodynamic phase transition and some astronomical observables is also worthwhile to pursue.
